Abstract-Target vibrations introduce nonstationary phase modulation, which is termed the micro-Doppler effect, into returned synthetic aperture radar (SAR) signals. This causes artifacts, or ghost targets, which appear near vibrating targets in reconstructed SAR images. Recently, a vibration estimation method based on the discrete fractional Fourier transform (DFrFT) has been developed. This method is capable of estimating the instantaneous vibration accelerations and vibration frequencies. In this paper, a deghosting method for vibrating targets in SAR images is proposed. For single-component vibrations, this method first exploits the estimation results provided by the DFrFT-based vibration estimation method to reconstruct the instantaneous vibration displacements. A reference signal, whose phase is modulated by the estimated vibration displacements, is then synthesized to compensate for the vibration-induced phase modulation in returned SAR signals before forming the SAR image. The performance of the proposed method with respect to the signal-to-noise and signalto-clutter ratios is analyzed using simulations. Experimental results using the Lynx SAR system show a substantial reduction in ghosting caused by a 1.5-cm 0.8-Hz target vibration in a true SAR image.
mentary and useful information for remote sensing. SAR transmits electromagnetic (EM) radiation to ground scenes and measures their EM reflectivity. This active illumination feature facilitates identification and classification of ground objects.
Inherent in SAR is the assumption that all the targets are static during the data collection process. The returned SAR signals from static targets (after preprocessing) are all stationary, i.e., they are a superposition of pure sinusoids. Conventional SAR image formation methods, which are based on the Fourier transform (FT), are able to focus the targets on their correct positions by "compressing" the returned SAR signals to impulses located at the frequencies that are linearly related to the target's locations. However, SAR is sensitive to low-level target vibrations [4] [5] [6] [7] [8] [9] [10] [11] . Specifically, target vibrations cause SAR images to contain localized artifacts, or "ghost targets," in the azimuth (cross-range) direction. This is because the vibrations introduce nonstationary phase modulation, which is termed the micro-Doppler effect [8] , into the returned SAR signals. The conventional SAR formation methods cannot "compress" nonstationary signals into narrow impulses. Instead, they produce side lobes that appear as the ghost targets. Such ghost targets cause ambiguity in target identification and classification. As such, it would be of great benefit to have a reliable method to remove them. In SAR images, the ghost targets appear identical as the true targets. Therefore, it is impossible to directly remove the ghost targets from the SAR image, by merely using image processing, without risking the removal of true targets [12] . Prior work with rotational microDoppler artifacts in SAR separates nonstationary components in time-frequency space decompositions [13] , [14] , where the extraction of the ghost targets in the image takes place after SAR image formation [15] [16] [17] . In this paper, a method is proposed to reduce the vibration-induced ghost targets before forming the SAR images.
The specific signal causing these artifacts, i.e., the modulation of the phase history by vibration, is estimated by assuming a sinusoidal vibration. This circumvents the aforementioned difficulty of identifying the ghost targets from the true targets in SAR images. The proposed method is based on a preestimation of the vibration that causes the ghost targets. The vibration is estimated by using a recently developed method that is based on the discrete fractional FT (DFrFT) [18] [19] [20] . This vibration estimation method is capable of estimating the instantaneous accelerations and frequencies of the vibration from the returned SAR signals. The method includes three main steps.
Provided that the target exhibits a single-component harmonic vibration, the instantaneous vibration displacements are first reconstructed from the estimated vibration accelerations and frequency. Second, a reference signal whose phase is modulated by the estimated vibration displacements is constructed. Finally, the returned SAR signals are multiplied with this reference signal to reduce the vibration-induced phase modulation, and a SAR image with reduced artifacts is then formed by the conventional SAR image formation methods. The performance of the proposed method with respect to the signal-to-noise ratio (SNR) and the signal-to-clutter ratio (SCR) is analyzed using simulations. In an experiment using the Lynx SAR system [21] , the proposed method substantially reduced the ghost targets caused by a 1.5-cm 0.8-Hz vibration in a true SAR image.
The remainder of this paper is organized as follows. In Section II, we provide a detailed model for the vibrationinduced phase modulation in returned SAR signals. In Section III, germane aspects of the DFrFT-based vibration estimation method are reviewed, followed by the development of the proposed deghosting method. In Section IV, the performance of the proposed method is analyzed with simulated SAR data. Experimental results are shown in Section V, and the conclusions are given in Section VI.
II. MODEL

A. Signal Model
In this paper, we assume that the SAR system works in the spotlight mode [2] . For spotlight-mode SAR, the image is usually formed by using the polar format algorithm (PFA) [2] . In the PFA, the returned SAR signals are first demodulated and low-pass filtered. This is followed by polar-to-rectangular resampling, which is applied to the SAR phase history to correct for irregular sample spacing due to the collection geometry. Next, an autofocus method is usually applied to the SAR phase history to improve the quality of the SAR image [2] . The formatted 2-D phase history, assuming a point target model, can be written as
where (x i , y i ) and (σ i , φ i ) are the coordinates and the complex reflectivity of the ith target, respectively. The noise is represented byŵ [l, n] . The indices (l, n) correspond to the range and azimuth directions, respectively; they are constrained by 0 ≤ l < L and 0 ≤ n < N, where L is determined by the size of the synthetic aperture, and N is determined by the bandwidth of the sent pulse [2] . The scaling parameters (k x , k y ) are
where K is the chirp rate of the sent pulse, c is the propagation speed of the sent pulse, f s is the sampling frequency of the returned SAR signal, f c is the carrier frequency of the sent pulse, V is the speed of the antenna carrier, R 0 is the distance from the scene center to the midaperture, and f prf is the pulserepetition frequency (PRF). . Three-dimensional SAR data collection geometry. In spotlight-mode SAR, the antenna always points to the center of the scene during the data collection process.
B. Model for Vibrating Targets
SAR assumes that all ground targets are static. The SAR image is formed by applying a 2-D FT to r [l, n] in (1) . When nonstatic targets are present in the scene, however, the FTbased image formation techniques cannot focus nonstatic targets, and ghost targets appear in the reconstructed SAR image [4] [5] [6] [7] [8] . Fig. 1 shows a synthesized SAR image containing a static target and a vibrating target. The pixel size is 0.33 m in both directions. The SNR and SCR are both 15 dB. The vibration is a single-component oscillation of 2 Hz with an amplitude of 1 cm. As shown in the figure, the vibration causes several ghost targets around the vibrating target in the azimuth direction.
The signal model described in (1) can be extended to vibrating targets. Fig. 2 shows a 3-D SAR flight geometry, with a vibrating target located at the origin. At a given time, the radar sensor locates at polar angles ψ and θ to the target. Provided that the squint angle θ is small and the vibration amplitude (usually several millimeters) is much smaller than the line-ofsight distance from the radar sensor to the ground scene, the formatted returned signal r[l, n] containing vibration targets can be written as [2] , [5] , [18] 
where k v = 4πf c /c, and Δx i [n] is the vibration displacement of the ith target in the range direction. The coordinates (x i ,ȳ i ) are used to denote the average position of the vibrating target during the data collection process. Clearly, it is mainly the range component of the vibration displacement that introduces phase modulation into the SAR phase history.
If we apply the FT to r [l, n] in the range direction, we obtain the so-called range-compressed signalŝ[x; n], where x denotes the range position. After the range compression, the vibrating target is usually focused at a given range location (note that the ghost targets appear only in the azimuth direction). If we assume that there is no more than one vibrating target at a given range location x * , thenŝ[x * ; n] can be written aŝ
where A x is a complex scaling factor generated by range compression. We define s[n] as the signal of interest (SoI). The only signal explicitly written is that from the vibrating target. Signals from other static targets at the same range locations are collectively represented by c [n] . Conventionally, c[n] is referred to as the "clutter signal" or, simply, "clutter."
The SCR used in our analysis is defined with respect to reconstructed SAR images as
where σ v is the reflectance of the vibrating target, and σ c is the average reflectance of 1 m 2 of clutter. We assume that the reflectance of the clutter pixel is Gamma distributed with the shape parameter k gam = σ c (the scale parameter is always set to be 1) [22] . A circle-shaped averaging filter with a radius of 1 m is applied to the clutter to simulate the correlations in neighbor pixels [22] . The SNR is defined with respect to the returned SAR signals as
where E s is the energy of the signal (including both vibrating targets and clutter), and E w is the energy of the noise. We assume that the noise is white and Gaussian.
III. METHOD DEVELOPMENT
For its key role in the process of reducing the vibrationinduced artifacts, we first review the DFrFT-based vibration estimation method, freely drawing from the literature [18] . The deghosting method is then developed. 
A. Review of the DFrFT-Based Vibration Estimation Method
Recently, a time-frequency method based on the DFrFT has been proposed to estimate low-level target vibrations in returned SAR signals. Simulations and experimental results show that this method is capable of estimating low-level vibrations (e.g., 1.5-mm amplitude and 5 Hz) with both practical SNR and SCR. For completeness, a brief introduction of this method is provided here. The reader may find more details in [18] , [20] , and [23] [24] [25] .
The DFrFT is an analysis tool specifically geared toward chirp signals [26] [27] [28] [29] . By introducing a new angular parameter α, the DFrFT is able to estimate the chirp rate of a chirp signal. By applying the DFrFT, a chirp signal is transformed into a 2-D impulse in the angle-frequency plane, the location of which is determined from the center frequency and the chirp rate of the signal. For instance, Fig. 3 shows the DFrFT of a two-component signal containing a chirp signal with a chirp rate of 400 Hz/s at a center frequency of 250 Hz and, for reference and comparison, a pure sinusoid with a frequency of 150 Hz. The frequency axis displayed is the same as that used for the discrete FT (DFT). The angle α ranges from −π to π. For α = π/2, the DFrFT coincides with the DFT. The peak corresponding to the sinusoid component locates on the α = π/2 line, which indicates that the sinusoid component has a zero chirp rate. On the other hand, the deviation from the peak corresponding to the chirp component to the α = π/2 line is used to calculate the chirp rate, and there is one-to-one mapping between the deviation and the chirp rate under certain conditions [24] , [25] .
Following [18] , we apply the DFrFT-based vibration estimation method to the SoI defined in (4). In a short time window starting at m, a second-order approximation can be applied to the vibration displacement Δx[n], and the SoI in (4) becomes 
whereĉ r [m] is the estimated chirp rate. By estimating the chirp rates of x[n] in successive sliding short time windows, the instantaneous vibration acceleration is tracked. As a result, the history of the instantaneous vibration accelerations is reconstructed, and the vibration frequencyf v can be estimated from the spectrum of sequence of the estimated instantaneous accelerations of the vibration. Details of this DFrFT-based vibration estimation method are provided in [18] .
B. Deghosting Method
In this paper, we focus on reducing the artifacts caused by single-component vibrations that are common in real-world applications [5] , [8] , [18] . Thus, the instantaneous vibration displacements can be written as
where A v is the vibration amplitude, f v is the vibrating frequency, and φ v is the initial phase. The second derivative of Δx yields the instantaneous vibration acceleration
As such, we can estimate the instantaneous vibration displacements from the estimated instantaneous vibration acceleration via
wheref v andâ[n] are the estimated vibrating frequency and the estimated instantaneous vibration accelerations using the aforementioned DFrFT-based vibration estimation method. A reference signal g[n] is then reconstructed from Δx[n] as
In the ideal case where no clutter and noise are present, we simply multiply (demodulate) the SoI with the reference signal g[n] and obtain
Provided that the estimated vibration displacement is accurate, the vibration-induced phase modulation can be substantially reduced because the vibration-induced phase modulation is now removed from the SoI. Therefore, the FT-based conventional SAR image formation methods can focus the vibrating target at its correct azimuth positionȳ. 
TABLE I SAR SYSTEM PARAMETERS USED IN THE SIMULATION
In real-world applications, however, the presence of clutter and noise is inevitable. In this case, the deghosting process described in (14) is applied to the clutter signal and noise as well, which causes an unwanted side effect in the SAR image. To overcome this side effect, preprocessing is applied to the returned SAR signals before applying the multiplication in (14) . First, we find the rectangular region containing all the ghost targets on the image. The image is visually inspected to confirm the presence of ghost targets along the azimuthal direction. Low-level target vibrations typically do not introduce significant smear in the range direction; therefore, the rectangle usually only spans three to five range lines depending on the size of the target. The cluster of ghost targets and the clutter are seen by plotting the magnitude of the range line where the vibrating target is located. Second, the thresholding technique proposed in [30] is used to differentiate the cluster of ghost targets from the clutter. We use the maximum intensity in the cluster as the reference intensity, and we set the boundary of the rectangle at the pixel cell that is smaller than a thresholding ratio of the reference intensity. According to our experience, a proper threshold ratio is from 0.2 to 0.3. As such, the subimage containing the ghost targets is cropped out from the image by using a 2-D spatial window. Third, the inverse FT is applied to the subimage in the azimuth direction to form the SoIs with reduced clutter and noise. The deghosting method is applied to the filtered SoIs. Finally, the deghosted region is filtered by the same 2-D spatial window again and registered at the known position of the SAR image to form a complete SAR image with reduced ghost targets.
It is also known that the presence of clutter and noise causes performance degradation in the vibration estimation process so that the estimated vibration displacements may be "noisy." In this case, the vibration-induced phase modulation cannot be removed in a definitive manner, and the residual artifacts may be still substantial. To overcome this, a smoothing method is employed to prefilter the estimated vibration displacements. For the simulated examples and the experiment in this paper, we use the simple moving-average method, and it is generally sufficient to avoid substantial residual artifacts. The flowchart of the deghosting method is shown in Fig. 4 .
IV. PERFORMANCE ANALYSIS USING SIMULATED SAR DATA
The proposed deghosting method was first verified by means of simulation. An airborne spotlight-mode SAR working in the K u band was simulated. Table I lists the key system parameters associated with the simulation. Fig. 5(a) shows a synthesized SAR image containing one static target (above) and one vibrating target (below) with both SNR and SCR of 30 dB. The vibration was a 4-Hz oscillation with an amplitude of 1 cm. As expected, the static target did not exhibit ghosting. For the vibrating target, however, the vibration-induced ghost targets spanned roughly 100 pixels in the azimuth direction. The magnitude of range line #107 of the SAR image, where the vibrating target was located, is shown in Fig. 5(b) . It is difficult to find the location of the vibrating target in the cluster of the ghost targets; therefore, it is hard to remove the ghost targets directly from the SAR image without the risk of removing the actual target. The estimated instantaneous vibration accelerations using the DFrFT-based method are shown in Fig. 6(a) , and the estimated vibration spectrum is shown in Fig. 6(b) . According to the peak location in Fig. 6(b) , the estimated vibration frequency was 4.0 Hz. Using this information, the estimated instantaneous vibration displacements were reconstructed, as shown in Fig. 7(a) . The moving-average smoothing method was applied to the estimated instantaneous vibration displacements, the result of which is also shown in Fig. 7(a) . The SAR image after applying the proposed deghosting method is shown in Fig. 5(c) . For a fair comparison, the two SAR images in both Fig. 5(a) and (c) were scaled to the same dynamic range. According to Fig. 5(c) , the vibrating target was well focused in the azimuth direction, with only a few dim ghost targets, by using the proposed method. The signal shown in Fig. 5(b) after applying the proposed deghosting method is shown in Fig. 5(d) . It showed that the side lobes were significantly reduced.
The performance of the proposed method was analyzed for different SNR and SCR levels by simulations with the same system parameters used above. In general, the proposed method performs well for an SNR down to 0 dB. This is because the noise is white Gaussian noise defined with respect to the returned SAR signals, and the FT-based range-compression process concentrates the energy from the targets but not the noise. Hence, the range compression effectively increases the SNR of the SoI from the returned SAR signals. The SAR image and the magnitude of the corresponding range line #107 with an SNR of 1 dB and an SCR of 30 dB are shown in Fig. 8(a) and (b) , respectively. The estimated vibration displacements are shown in Fig. 7(b) . The SAR image and the magnitude of the corresponding range line #107 after applying the deghosting method are shown in Fig. 8(c) and (d) , respectively. Although these results appeared more "noisy" than those shown in Fig. 5(c) and (d) , the ghost targets were still substantially reduced. The SAR image and the magnitude of the corresponding range line #107 with an SNR of −3 dB and an SCR of 30 dB are shown in Fig. 9(a) and (b) , respectively. The estimated vibration displacements are shown in Fig. 7(c) . The SAR image and the magnitude of the corresponding range line #107 after applying the deghosting method are shown in Fig. 9(c) and (d) , respectively. In this case, the proposed method still reduced the ghost targets, but not in a substantial manner.
The performance of the proposed method is strongly affected by the clutter. According to the simulation results, the proposed method can substantially reduce the ghost targets for an SCR down to 18 dB. The signals from the clutter are similar to the ones from the vibrating target. Thus, they interfere with the signals from the vibrating targets, which significantly decreases the accuracy in estimating the instantaneous vibration accelerations. This further degrades the performance of the proposed deghosting method. The SAR image and the magnitude of the corresponding range line #107 with an SNR of 30 dB and an SCR of 15 dB are shown in Fig. 10(a) and (b) , respectively. The estimated vibration displacements are shown in Fig. 7(d) . The SAR image and the reflectance of the corresponding range line after applying the deghosting method are shown in Fig. 10(c) and (d), respectively. In this case, the proposed method only reduced a small portion of the ghost targets.
V. EXPERIMENTAL RESULTS USING THE LYNX SAR SYSTEM
An experiment was conducted in collaboration with General Atomics Aeronautical Systems, Inc. (GA-ASI), San Diego, CA, USA, using the Lynx SAR system [21] . The parameters used in the experiment are listed in Table II . A vibrating retroreflector with a lateral length of 21 in was constructed in our laboratory at The University of New Mexico, Albuquerque, NM, USA, and deployed on the test ground near Julian, CA, USA, as shown in Fig. 11(a) . Fig. 12(a) shows the reconstructed SAR image with a nominal resolution of 0.3 m in each direction. The image of the vibrating target was located at the bottom right section of the frame (see magnified inset). It appeared as a sequence of points in the azimuth direction, with the actual object surrounded at each side with a series of ghost targets. The vibration-induced ghost targets spanned about 100 pixels in the azimuth direction. There were also several well-separated static retroreflectors extending from the center of the image to the top right corner; as expected, they did not exhibit any ghosting. The vibration was estimated by first using the DFrFT-based method. Fig. 11(b) shows the estimated instantaneous vibration accelerations for a duration of 3.2 s. The vibrating frequency was estimated to be 0.8 Hz by the peak location in the estimated vibration spectrum shown in Fig. 11(c) . The instantaneous vibration displacements and the smoothed version are shown in Fig. 11(d) . The movingaverage method was used for the smoothing. Fig. 12(b) shows the SAR image after applying the proposed deghosting method to the SAR image in Fig. 12(a) . The vibration-induced ghost targets spanned only 20 pixels in the azimuth direction.
VI. CONCLUSION
In this paper, a deghosting method has been proposed for vibrating targets in SAR images. This method employs the DFrFT-based vibration estimation method to first estimate the instantaneous vibration displacements and then reconstructs a reference signal to compensate, before forming the SAR image, for the vibration-induced phase modulation in returned SAR signals before forming the SAR image. The performance of the proposed method was analyzed using simulations. The method was applied to an actual SAR image generated by the Lynx SAR system and substantially reduced the ghost targets caused by a 1.5-cm 0.8-Hz vibration. SAR images with reduced artifacts are helpful in identifying and classifying ground targets, particularly when used in conjunction with the estimated vibration information.
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